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Motivations

• Vector valued NNs are key to understanding deep networks and multi-task 
learning.


• Weight decay is the most popular explicit regularizer for training deep neural 
networks (DNNs) and can have a drastic effect on the generalization ability of 
the network.



Background

Training with Weight Decay

• Training a DNN with weight decay corresponds to minimizing a data fidelity 
loss plus the sum of squared weights.

Weight Decay Objective



Neural Balance Theorem

Let  be a function represented by a homogenous DNN that solves the weight 
decay objective.

fθ

Theorem (NBT [Yang 2022, Parhi 2023])
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kwkk2 = kvkk2

Balanced!



The Secret Sparsity of Weight Decay
Weight decay

Path-norm After Rebalancing

Group lasso

Secret 
Sparsity



Outline of Contributions

• Tighter bounds on the necessary 
width for any homogenous layer of 
DNN, depending only on the rank of 
the internal features.  

• Representer Theorem showing 
shallow vector-valued NNs trained 
with weight decay solve data fitting 
problem over the VV Space.

Vector-Valued Variation Spaces 
(VV Spaces) Bounds on Necessary Width 



VV Spaces



Vector Valued Variation Spaces (VV Spaces)

Vector Measure

(For finite-width networks)



Representer Theorem
For any dataset  and any lower semicontinuous loss function     there 
exists a solution to,

{xi, yi}N
i=1

with the following representation

The dual space of vector-valued continuous functions is the space of vector-valued measures.

Also extends to deep neural networks
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K0  N2
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kfkV = O(w
p
D)
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sparse weights
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Simple Experiment

<latexit sha1_base64="lwvQLUObBQQweaYcgkZRtovqGYo="></latexit>
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f2

<latexit sha1_base64="mZPhmjadkOJRGBEeawj1GytO00M=">AAAB6XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmXKgbsehGcFPFXqAdSibNtKGZZEgyQhn6Bm5cKOK2D+Pejfg2ppeFtv4Q+Pj/c8g5J0w408bzvp3c0vLK6lp+3d3Y3NreKezu1bRMFaFVIrlUjRBrypmgVcMMp41EURyHnNbD/vU4rz9SpZkUD2aQ0CDGXcEiRrCx1v0taheKXsmbCC2CP4Pi5Yd7kYy+3Eq78NnqSJLGVBjCsdZN30tMkGFlGOF06LZSTRNM+rhLmxYFjqkOssmkQ3RknQ6KpLJPGDRxf3dkONZ6EIe2Msamp+ezsflf1kxNdB5kTCSpoYJMP4pSjoxE47VRhylKDB9YwEQxOysiPawwMfY4rj2CP7/yItROSv5pyb/ziuUrmCoPB3AIx+DDGZThBipQBQIRPMELvDp959l5c96npTln1rMPf+SMfgBZQpA8</latexit>

K



No Weight Decay —> No Sharing
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<latexit sha1_base64="8S+6ED26Hh+H/Y9tWu0fCvnewmI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPa9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqlereveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDyLY2U</latexit>

f1
<latexit sha1_base64="Ss9dWoQWiHsxIGMo6zrQu2XcX1I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Bf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Slq1qndZ9e4vKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDzsY2V</latexit>

f2
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<latexit sha1_base64="8S+6ED26Hh+H/Y9tWu0fCvnewmI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPa9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqlereveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDyLY2U</latexit>

f1
<latexit sha1_base64="Ss9dWoQWiHsxIGMo6zrQu2XcX1I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Bf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Slq1qndZ9e4vKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDzsY2V</latexit>

f2

Weight Decay —> Neuron Sharing



Tighter Bounds on Necessary Widths 
of DNNs



Bound on Network Width
• Suppose  is a DNN which solves the weight decay objective fθ



Bound on Network Width

ϕi ψi ℝDℝd

<latexit sha1_base64="zJUj+usB2220Wz+E6U/MbqWpIS0="></latexit>
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Main Result
Assume  is a DNN which solves the weight decay objective,
fθ

There exists another optimal representation of the form


for any homogenous layer with input features  and output features , such thatϕi ψi

Where,
<latexit sha1_base64="uAhSsLEWt2i/qSIkCTJyfvqNGDE=">AAACJXicbVA9SwNBEN3z2/gVtbRZDELShDsRtbAI2gg2EUwUciHs7U2SJXt75+6cGo78GRv/io2FIoKVf8XNR2HUBwOP92aYmRckUhh03U9nZnZufmFxaTm3srq2vpHf3KqbONUcajyWsb4JmAEpFNRQoISbRAOLAgnXQe9s6F/fgTYiVlfYT6AZsY4SbcEZWqmVP7mgvoRb6iM8YKaZ6g2KftWIEvV5GOO0fi9CQCFDyPxqVwxKrXzBLbsj0L/Em5ACmaDayr/5YczTCBRyyYxpeG6CzYxpFFzCIOenBhLGe6wDDUsVi8A0s9GXA7pnlZC2Y21LIR2pPycyFhnTjwLbGTHsmt/eUPzPa6TYPm5mQiUpguLjRe1UUozpMDIaCg0cZd8SxrWwt1LeZZpxtMHmbAje75f/kvp+2Tsse5cHhcrpJI4lskN2SZF45IhUyDmpkhrh5JE8k1fy5jw5L8678zFunXEmM9tkCs7XNzDNpbg=</latexit>

K  rank( ) · rank(e�)



Questions?


